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Abstrat
We show how zero-modes and quasi-zero-modes of the Dira operator in
the adjoint representation an be used to onstrut an estimate of the
ation density distribution of a pure gauge eld theory, whih is less sen-
sitive to the ultraviolet utuations of the eld. This an be used to trae
the topologial strutures present in the vauum. The onstrution relies
on the speial properties satised by the supersymmetri zero-modes.
1 Introdution
The dynamis of gauge elds is expeted to enompass some of the most fasi-
nating phenomena, as onnement and hiral symmetry breaking, whose non-
perturbative harater makes them diult to understand and desribe. Lattie
Gauge Theory has opened the way to a rst priniples alulational sheme of
all the non-perturbative properties of the theory. In this way onsiderable evi-
dene has aumulated over the years that Quantum Chromodynamis (QCD)
does indeed possess this behavior. It is, nonetheless, important to know if it is
possible to have a oneptually simpler desription of these phenomena in terms
of a restrited set of relevant degrees of freedom.
With the disovery of the instanton [1℄ and the subsequent qualitative so-
lution of the UA(1) problem [2℄, giving the η
′
its mass by its oupling to the
UA(1) urrent anomaly, it beame lear that topology plays an important role
in the low energy behavior of QCD. A longstanding question, whih is still open,
is whether the mehanism responsible for the spontaneous breakdown of hiral
symmetry (SχSB) does involve topologial ongurations, with the instanton
as fundamental struture. This point is onneted with the more general one
about the validity and usefulness of the semilassial approah to desribe this
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and other non-perturbative aspets of QCD. In this respet a semilassial pi-
ture of the vauum was developed, the Instanton Liquid Model [35℄, whih has
met a ertain degree of suess in explaining some quantities. This piture pro-
vides a popular mehanism for the spontaneous breakdown of hiral symmetry,
through the Banks-Casher relation [6℄, whih relates the hiral ondensate with
the non-zero density of low-lying modes of the Dira operator. The latter have
its origin in the individual zero modes whih the Atiyah Singer index theorem
attributes to eah instanton. In a dilute situation, with small overlap between
neighboring instantons, these modes appear as quasi-zero modes ontributing a
nite density [7℄.
Although the mehanism is fairly appealing, there are several ritiisms to
the overall piture. For example, it has been suggested that the ILM as main
mehanism for SχSB is inonsistent with the expansion in the number of olors
N . The argument is that at large N the instanton weight in the ation is expo-
nentially suppressed, while eets from quantum utuations deay aording
to 1/N . This implies that at large N instantons are not likely to play a role in
the breakdown of hiral symmetry, sine their eet is washed out by quantum
utuations. Therefore, aording to this argument, either hiral symmetry is
broken dierently for large N than for N = 3, or SχSB will not be aused by
instantons in QCD. Another point of debate is the diluteness of the instanton
vauum. Other desriptions based on a more dense multi-instanton setting [8℄,
might still inherit the same mehanism for SχSB [9℄.
All these questions about the general role of topology and semilassial meth-
ods in QCD should be resolved within the framework of lattie gauge theory.
For this purpose dierent methods have been developed to extrat the global
and the loal topology of lattie gauge elds in thermal equilibrium. The main
problem one enounters in examining Monte Carlo generated lattie gauge eld
ongurations, is that they are very rough, with sizable utuations at the sale
of the lattie spaing. This noise dominates over the long wavelength signal
one is willing to investigate. The roughness is to be expeted, and is a ree-
tion of the ultraviolet divergenes of quantum eld theory. Indeed, it is well
known that even for a free eld theory, ontinuous elds have zero-measure.
In Quantum Mehanis the divergene is milder, but still dierentiable paths
have zero-measure. Thus, the rough aura of smooth gauge elds is essential in
ontributing sizably to the path integral. This, sometimes ignored fat, tells us
that in the semilassial approximation, smooth ongurations at as labels to
denote the nite probability regions entered around them.
A frequently used method to solve the aforementioned roughness problem
is the so alled ooling method [10, 11℄. Under this generi term a number of
dierent proedures have been developed, whih have in ommon that they pro-
due a sequene of inreasingly smooth ongurations by loally minimizing the
ation. Ideally, the method should produe the smooth labelling onguration
assoiated to the rough initial one. However, if ooling is applied indenitely
one would reah a relative minimum of the ation, in whih most of the loal
information would be lost. Thus, beyond being useful in determining global
topologial quantities as the topologial suseptibility [12℄, its validity to deter-
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mine the loal topology of the eld, has been heavily and severely ritiized.
Nevertheless, we think that ooling is indeed a useful method when used judi-
iously and in ertain situations. The main issue has to do with a hierarhy in
the variations of the ation within the spae of gauge eld deformations. We
know that variations assoiated to rough elds produe large hanges in the
ation. On the other hand, there is sometimes a sublass of smooth gauge elds
ongurations assoiated to almost at diretions. This is indeed the ase in
a dilute instanton gas situation, for example. This hierarhy then would trans-
late into an equivalent hierarhy of ooling time sales. Thus, when ooling is
applied, movement in the steeper diretions happens relatively fast, while that
along the almost at diretions is muh slower. In addition, sine ooling is
a loal algorithm, the evolution of large momenta omponents starts earlier.
In any ase, the usefulness of the semilassial approah depends also on the
observable being studied. As in every redued degrees of freedom approah, a la
Ginzburg-Landau, the projeted degrees of freedom have to apture the essene
of the physis being studied. Aordingly, if physial results have to be extrated
from ooling, they should be independent of the number of ooling steps applied
within a ertain window, or hange in a presribed and omputable fashion.
A dierent approah to disentangle the loal topologial struture of the lat-
tie eld, is ommonly referred to as smoothing. It is a loal proedure whih
substitutes a link with a weighted average of link paths. The prototype of
smearing is APE-smearing [13℄, but as in the ase of ooling there is a number
of algorithms in use, whih however all share the ommon feature of averaging
in some sense the gauge eld loally. As in the ase of ooling, smearing has
suessfully been used in determining the topologial suseptibility [1417℄, but
has been the objet of ritiism when loal topologial questions are onerned.
It is frequently stated that from a oneptual point of view smoothing is prefer-
able over ooling, sine the ontinuum limit of the gauge eld is not hanged in
the proess. However, as in the ase of ooling, an indenite number of steps
would end up washing out all loal strutures. Therefore, similar onsiderations
as before are neessary.
A more reent proposal to study vauum topology uses fermioni degrees
of freedom. Introdued some time ago [18℄, fermioni methods rely on their
response to the bakground gauge eld. They suer from the traditional prob-
lems assoiated to the breaking of hiral symmetry on the lattie. With the
disovery that lattie Dira operators whih satisfy the Ginsparg-Wilson rela-
tion, as in the domain Wall formulation [1921℄ or the overlap operator [22,23℄,
possess a lattie remnant of hiral symmetry at nite lattie spaing and sat-
isfy exat index theorems, fermioni methods have beome fully appliable. In
various works [2433℄ these methods have been used to investigate the question
of the loal topologial struture of the QCD vauum. It is argued that an
instanton dominated vauum will lead to a spetrum of low-lying eigenmodes
of the Dira operator, whih originates from the mixing of the zero-modes eah
instanton would ontribute if it were isolated. The loal hirality of the near
zero-modes is then used as a measure of the topologial origin of the mode. It
has been found [24,25,27,28,34℄ that the loal hiral struture of the low-lying
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modes of the Dira operator does not exlude the ILM as a mirosopially a-
urate piture of the vauum. However, it is still a matter of debate whether
the struture of loal hirality found in the low-lying modes does indeed have
a topologial origin losely related to instantons or follows from other stru-
tures [29, 3133,35, 36℄.
In the present work we want to propose a new method to investigate the
loal topologial struture of the gauge elds, whih is a hybrid of the above. It
adheres to the idea of using fermioni quasi-zero-modes to investigate the un-
derlying loal topology of the ongurations. However, in our proposal we use
the Dira operator in the adjoint representation. One of the advantages of using
adjoint zero-modes instead of fundamental ones is that some of these modes do
exatly mimi the struture of the ation density for lassial solutions of the
equations of motion. These partiular modes are the supersymmetri partners
of the orresponding gauge elds. They possess a peuliar reality property whih
allows to distinguish them from other modes. Thus, for gauge eld ongura-
tions whih are lassial solutions of the equations of motion, we an onstrut
two funtions S± whih reprodue the shape of the self-dual and anti-self-dual
parts (respetively) of the ation density up to an overall normalization. Fol-
lowing the same reasoning as in [29, 37℄, for a smooth bakground gauge eld
whih is almost self-dual (as for example a onguration onsisting of dilute
(anti)instantons) we expet to nd an almost supersymmetri solution from
whih we an reonstrut the form of the underlying gauge eld.
The main usefulness of this idea arises in the presene of quantum utu-
ations. The quantities S± are less sensitive to the ultraviolet modes than the
ation density itself. This follows from the non-loal (extended) nature of these
observables. Thus, as we will see, it is still possible to reonstrut the long wave-
length features of the onguration and its topologial struture in the presene
of quantum utuations of limited size. This paper is devoted to presenting the
observables, the numerial method and to displaying its behavior for smooth
ongurations, as well as in the presene of ontrolled quantum utuations. A
detailed analysis of Monte Carlo generated ongurations is deferred to later
works. For that, it is desirable to use a hiral invariant lattie Dira operator,
as the overlap. In the present paper we have used Wilson fermions and our re-
sults indiate that even in the worst ases studied, the new observables seem to
extrat the loal topology of the onguration after a very small (1-3) number
of ooling steps are applied.
The paper is organized as follows: In Setion 2 we review the main ontin-
uum formulas onerning the low-lying eigenstates of the massless adjoint Dira
operator (adjoint modes), on whih our numerial method is based. First, we
disuss the situation for solutions of the lassial equations of motion. We iden-
tify the supersymmetri zero-modes and disuss their properties. We then study
the behavior of the observables for ongurations in the viinity of a solution.
In Setion 3 we disuss the lattie setup, i.e. the operators, the algorithms and
the ongurations used throughout our work. We also introdue the numerial
method whih we use to projet onto the supersymmetri or the almost super-
symmetri solution of the Dira operator in a given bakground eld. In Setion
4
4 we apply the method to spei ongurations in order to explore its ability
to reonstrut the form of the underlying gauge eld. We start by onsidering
(anti)self-dual ongurations and we show how our numerial method is apable
of isolating the supersymmetri solution, and how we an, with a high degree of
auray, reonstrut the shape of the ation density from these solutions. We
then proeed with more omplex smooth elds suh as the non self-dual ase
of an instanton anti-instanton pair. Finally we introdue quantum utuations.
This we do by applying a given number of heatingMonte Carlo steps to an initial
one-instanton onguration. For large β and a small number of ooling steps
we have ontrol that the underlying topologial struture of the onguration
is unhanged and we an hek the ability of our observables to reonstrut it.
We also present results for smaller values of β. Here, the quantum utuations
an hange the long wavelength struture of the onguration, so our method is
then used in onjuntion with ooling and smearing. Results are promising, but
we believe a more aurate analysis has to be done employing a hiral invariant
lattie Dira operator. Finally, in Setion 6 we will summarize our onlusions.
2 Adjoint modes of the Dira Operator
In this setion we will shortly revise the main formulas and explain the philos-
ophy of our method in the ontinuum. We will be using the notation olleted
in the Appendix. Let us onsider smooth SU(N) Yang-Mills eld ongurations
on 4-dimensional eulidean spae-time. Although the topology of spae-time
is not essential for the onstrution, in order to explain the numerial appli-
ations on the lattie, we will take spae-time to be given by a 4-dimensional
torus. Gauge elds are then onnetions on a (SU(N)) bundle over the torus;
the latter are lassied into topologially inequivalent lasses determined by the
twist setors nµν and the instanton number Q =
(N−1)
4N nµν n˜µν + q, where q is
an integer [38, 39℄
1
. It is ustomary to split the antisymmetri integer-valued
twist tensor nµν into its spatial (mi =
1
2ǫijknjk), and temporal (ki = n0i)
omponents. In this form the instanton number reads
Q = q +
(
N − 1
N
)
~k · ~m, q ∈ Z (1)
Notie that the instanton number is not neessarily an integer sine
1
4nµν n˜µν =
~k · ~m need not be a multiple of N .
We will now onsider spinor elds Ψ(x) transforming in the adjoint repre-
sentation of the gauge group. One an study the spetrum of the Dira operator
in the bakground of the gauge eld onguration:
6DAΨ(λ) = iλΨ(λ) (2)
1
In the mathematial literature for SU(2) these are assoiated to Stiefel-Whitney and
Chern lasses respetively. The reader is referred to Ref. [40℄ for a mathematially rigorous
introdution to the subjet.
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The eigenvalues iλ are (at least) twie degenerate as a onsequene of (eulidean
spae) harge onjugation symmetry, whih follows from the reality of the ad-
joint ovariant derivative. Thus, for any solution Ψ(λ) of Eq. 2 we an onstrut
a new one as follows:
Ψ(λ)c −→ γ5CΨ(λ) ∗ (3)
where ∗ denotes omplex onjugation. This an be easily proven by omplex
onjugating Eq. 2. The new solution is orthogonal to the previous one (this
follows from the antisymmetry of C).
The positive and negative values of λ are exatly mapped onto eah other
by multiplying the eigenvetor by γ5. In addition, there might be zero-modes
(λ = 0). The Atiyah-Singer index theorem expresses the index of the Dira
operator (number of zero-modes of positive hirality minus the number of zero
modes of negative hirality) in terms of the instanton number:
index 6DA = 2N Q (4)
Notie that although Q need not be an integer, the index is always an even
number. As a matter of fat, in the presene of non-zero twist (
~k, ~m 6= 0), the
gauge group is SU(N)/Z(N) and the topologial harge should be omputed in
the adjoint representation, whih a faithful representation of this group. Then,
the topologial harge beomes preisely equal to the integer 2NQ. It is easy to
understand the evenness as due to the two-fold degeneray mentioned previously,
whih aets zero-modes of eah hirality.
The positive and negative hirality zero-modes (ψ±) satisfy the following
Weyl equations:
D¯Aψ+ = 0 (5)
DˆAψ− = 0 (6)
respetively. Contrary to the situation for zero-modes of the Dira operator
in the fundamental representation, the shape of adjoint zero-modes is in some
ases diretly expressible in terms of the ation density of the gauge eld. In
partiular, suppose that Aµ is a gauge eld onguration whih is a solution of
the eulidean equations of motion (not neessarily self-dual or anti-self-dual),
then the following four-spinor:
Ψa(V, x) =
1
8
F
a
µν(x)[γµ, γν ]V (7)
is an adjoint zero-mode for any onstant four-spinor V [41, 42℄. This provides,
if non-zero, two linearly independent positive hirality Ψa+(x) and two negative
hirality Ψa−(x) zero modes. The gauge invariant densities |Ψa±(x)|2 are equal
(with the normalization given in Eq. (7) and unitary V ) to the self-dual/anti-
self-dual parts of the ation density respetively. This is the ruial result that
we are using in what follows. Sine, the spinor eld Eq. 7 an be obtained by
applying a supersymmetry transformation to the gauge elds, we will refer to
it by the term supersymmetri zero-mode.
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There is an interesting property satised by Ψa±(V, x) whih will allow us to
single it out when there are several zero-modes present. To explain it, it is better
to take the hiral representation for the Dira matries given in appendix A.
Choosing V † =
(
1 0 0 0
)
one gets an adjoint zero-mode of positive hirality
suh that the real part of the rst spinor omponent of ℜ(Ψa+(V, x)) vanishes
in every spae-time point, for any value of the olor index and all omponents
in olor-spae. Expliitly this positive hirality solution takes the form:
Ψa+ = i


(Ba
3
+Ea
3
)
2
(Ba
1
+Ea
1
)
2 − i
(Ba
2
+Ea
2
)
2
0
0

 . (8)
For V † = (0 1 0 0) the positive hirality solution (Ψa+)c = γ5C(Ψ
a
+)
∗
is found.
In ase of a self-dual gauge eld, eletri and magneti eld omponents oinide:
~Ba = ~Ea. The reality property of this zero-mode is non-trivial: for a generi
solution it annot be implemented by simply performing a gauge transformation
or taking an appropriate hoie of V . The negative hirality solutions an be
worked out analogously. and the same onlusion follows.
We have investigated whether the reality property is shared by other zero-
modes. In the simplest ase of a single SU(2) instanton we have 4 positive
hirality adjoint zero-modes, grouped in two harge-onjugate pairs. One of
the pairs is the one orresponding to Eq. (7), and the other does not satisfy
the property. We have also investigated the general ADHM [43℄ ase, whih
expresses adjoint zero-modes in terms of the ADHM data. Exept in exeptional
limits, this property only takes plae for this speial zero-mode.
After this preamble we will now explain the philosophy of our method. Con-
sider the ase of a general gauge eld onguration, not neessarily an exat
solution of the eulidean lassial equations of motion. Our strategy is to de-
ne a preferred spinor eld in eah hirality setor (a preferred setion). The
orresponding densities give rise to two positive denite funtions of spae-time
S±. Their struture will trae that of the gauge eld from whih they are on-
struted. We will exploit the previous onsiderations by requiring that for gauge
elds whih are solutions of the lassial equations of motion these quantities
S± will oinide with the supersymmetri mode densities mentioned previously.
Thus, they will be diretly proportional to the self-dual or anti-self-dual parts
of the ation density (for left and right hiralities respetively). However, the
main advantage of our observables ompared to the ation densities themselves
appears when onsidering ongurations ontaining quantum utuations. Our
observables will be better behaved in the ultraviolet.
There an be several ways to make the hoie of setion in order to imple-
ment the program. It is at present unlear to us if there is an optimal hoie.
A partiular simple and elegant possibility is to take as preferred setion the
eigenfuntion of lowest eigenvalue (ground state) of the positive-hermitian op-
erators O±, given by the restritions of −DD¯ (for left spinors) and −D¯D (for
right spinors) to the spae of states satisfying the reality ondition. These op-
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erators an be rewritten as real symmetri operators ating on the spae of real
three-omponent funtions as follows:
(O±)
ab
ij = ∆
abδij ± 4F± ck ǫikjfacb (9)
where ∆ab is the ovariant laplaian in the adjoint representation and F± ck =
1
2 (E
c
k±Bck). The indies a, b, c represent olor in the adjoint representation and
i, j, k run from 1 to 3.
The onsiderations made earlier in this setion show that for a lassial
solution of the eulidean equations of motion, O
(0)
± has a non-degenerate ground
state with vanishing eigenvalue, and the densities S± are the self-dual and anti-
self-dual ation densities. If we now perturb the gauge eld onguration, it is
lear that the non-degeneray of the ground state is preserved for small enough
deformations. One an use perturbation theory to ompute the struture of the
ground state in this ase. The variation of the ground state (and its density)
does not agree with the variation of the ation density. Instead, it is expressed
in terms of the Green funtion of the operator O
(0)
± . This a non-loal expression
whih suppresses the small wavelength utuations with respet to the large
wavelength ones. This is the eet we were looking for.
For tehnial reasons, related to the availability of ode and data, in the
numerial part of this paper we have hosen a denition of the densities whih
is slightly dierent from the one presented in the previous paragraph. Rather
than imposing reality and looking for the ground states of O±, we have searhed
within the spae of low lying modes of the Dira operator, those whih best
satisfy the reality ondition. This is a hange of order of the basi ingredients
whih, as we will see in the following setions, also gives rise to the required
behavior.
3 Lattie Methods
3.1 Lattie Dira operator
In order to translate the above proedure to the lattie, a suitable disretization
of the adjoint Dira operator has to be adopted. For this pilot study we have
hosen Wilson disretization in the adjoint representation:
(DW )
αβ
ab (x, y) = 4rδabδxyδ
αβ
− 1
2
4∑
µ=1
[
δy,x+µˆ(r + γµ)
αβVµ,ab(x)
+ δy+µˆ,x(r − γµ)αβ(V T )µ,ab(y)
]
, (10)
where Vµ,ab(x) is the link in the adjoint representation of the gauge group (see
the Appendix, Eq. (18)).
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The above operator has the following properties:
C−1DWC = D
T
W ,
γ5D
†
Wγ5 = DW ,
whih implies that (γ5DW ) is hermitian.
For our numerial work we will onsider the eigenstates of the positive op-
erator (γ5DW )
2
. Beause of the symmetry properties desribed by Eq. (3) the
eigenspaes are (at least) two-fold degenerate.
Let us omment on the eigenvalue struture of (γ5DW )
2
for self-dual or
anti self-dual bakground elds. From the Atiyah-Singer index theorem we
know that for a massless ontinuum Dira operator in the adjoint representation
of the gauge group, and in the bakground of a SU(N) gauge eld arrying
harge Q, we will nd Index(D/) = 2N|Q| zero-modes, with denite hirality.
On the lattie, using (γ5DW )
2
as Dira operator, this translates to nding
2N |Q| eigenvetors with small eigenvalues and given hirality. These small
eigenvalues are separated by a gap from a more densely populated band. In
what follows we will refer to the modes with small eigenvalues in the above
sense as approximate zero-modes.
Another important point onerns the hiral properties of the Wilson-Dira
operator. The expliit breaking of hiral symmetry by this operator might pose
a problem, sine the properties of the eigenmodes of the Dira operator we wish
to study on the lattie depend very muh on hirality. The smaller the value
of the parameter r, the smaller is the breaking of naive hirality. However, this
onits with the splitting given to the doublers. Our nal hoie has been to
work at the small value r = 0.3 of the Wilson parameter. As we will verify a
posteriori this hoie is small enough so that the properties we wish to study
that depend on hirality are not too seriously aeted. To hek that there is
no sizeable ontamination of doublers in the low edge of the spetrum that we
study, we omputed the matrix elements in the orresponding eigenspae of the
Wilson operator, dened by:
(W )αβab (x, y) = 4δabδxyδ
αβ
− 1
2
4∑
µ=1
[
δy,x+µˆδ
αβVµ,ab(x)
+ δy+µˆ,xδ
αβ(V T )µ,ab(y)
]
, (11)
This proedure has been used previously by our group and is known to work well
for smooth gauge eld ongurations. For rough, Monte Carlo generated ong-
urations it is ertainly desirable to use a disretization whih is more respetful
of hiral symmetry, suh as the Neuberger operator [22, 23℄. Nevertheless, for
the sake of our paper we onluded that the muh less omputationally ostly
Wilson-Dira operator still allowed us to exemplify the validity of our idea.
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3.2 Projeting onto the supersymmetri solution
In Setion 2 we have dened our proedure in the ontinuum. Our goal is to
onstrut two positive funtions of spae S± for eah gauge eld onguration.
For the ase that the gauge eld is a solution of the Eulidean equations of
motion S± they reprodue exatly the shape of the self-dual and anti-self-dual
parts of the ation density. Deforming away from them, we have argued that
these quantities are less sensitive to the ultraviolet modes of the gauge eld than
the ation density itself. Thus, in the presene of quantum utuations they
produe an estimate of the long-range topologial struture of the ongurations.
To provide a lattie implementation, let us rst onsider the ase in whih the
link variables are a lattie disretization of a bakground gauge eld whih is a
solution of the lassial Eulidean equations of motion having a non-trivial self-
dual part. In this ase we rst have to look at the low-lying eigenstates of the
Wilson-Dira operator. This spae of states should ontain the disretized zero-
modes. We then explore within this spae to nd the state that best projets
onto the positive hirality supersymmetri solution Eq.(8) of the Weyl equation.
To single out this solution we make use of the reality property of the uadrispinor
of Eq.(7) disussed in Setion 2. On the lattie this is done by looking at the
linear ombination of approximate zero-modes that has minimal imaginary part
of the rst spinor omponent for all olors and at eah point of spae-time. We
also require that the solution is as hiral as possible. If we indiate by φi the
elements of the set of linearly independent quasi-zero modes, then our solution
an be written as
Ψ+ = λiφi (12)
The oeients λi are hosen suh that
c =
∑
x,a
(ImΨ1,a+ (x))
2 +
∑
x,a,s=3,4
(ReΨs,a+ (x))
2 + (ImΨs,a+ (x))
2
(13)
is minimal.
In the same way, for a eld having a non-trivial anti self-dual part, the
negative hirality solution Ψ− orresponding to Eq.(8) in the ontinuum, an be
alulated by minimizing in Eq.(12) the imaginary part of the third omponent
and the rst and seond omponent (hirality).
In terms of the oeients λi Eq. (13) an be written as a quadrati form:
c = 〈v,Mv〉 , with v =
(
Reλi
Imλi
)
, M =
(
A B
BT C
)
. (14)
The matrix M is 2n dimensional, where n is the number of eigenstates of the
Dira operator among whih the minimization is arried out. It is straightfor-
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ward to work out the detailed form of the sub-matries A, B and C:
Ak,l =
∑
x,a
Imφ1kImφ
1
l +
∑
x,a,s=3,4
ImφskImφ
s
l +Reφ
s
kReφ
s
l ,
Bk,l =
∑
x,a
Imφ1kReφ
1
l +
∑
x,a,s=3,4
ImφskReφ
s
l − ReφskImφsl ,
Ck,l =
∑
x,a
Reφ1kReφ
1
l +
∑
x,a,s=3,4
ReφskReφ
s
l + Imφ
s
kImφ
s
l ,
M is also hermitian, positive, and for normalized vetors v the minimal eigen-
value of M is the minimum of expression (13). The orresponding eigenvetor
v provides the real and imaginary part of the oeients λi.
2
The lattie ap-
proximation Ψ± to the supersymmetri solution an be obtained by using to
Eq.(12) with the λi obtained in the previous proedure.
Then, S±(x) are then dened as:
S+(x) = 〈(Ψ+)L, (Ψ+)L〉 , S−(x) = 〈(Ψ−)R, (Ψ−)R〉 . (15)
where brakets denote salar produts in spinor and olor spae. Note that
sine the reality property is very restritive, nding the vetor that minimizes
expression (13) in a larger spae ontaining all approximate zero modes, will,
up to numerial errors, not inuene result. This is ruial, sine one does not
know how many zero-modes one should nd for a generi gauge eld. This
observation will also play a role later in testing the appliability and stability
of the above desribed numerial proedure.
3.3 Tehnialities
Let us briey mention some tehnial details of this work. For the numerial part
we used SU(2) ongurations throughout. The self-dual gauge ongurations
have in all ases been obtained by standard ooling [10, 11℄.
Next to ooling we also use APE-smearing [13℄ to smoothen the ongurations
in some ases. The Nth-level APE-smeared link with smearing parameter c is
dened as:
U
(i)
µ (x) = (1− c)U (i−1)µ (x) +
c
6
±4∑
α=±1
|α|6=µ
U (i−1)α (x)U
(i−1)
µ (x+ αˆ)U
(i−1)
α (x+ µˆ)
†,
with U
(i)
µ (x) projeted bak in SU(2) after eah smearing step. For small smear-
ing parameter  this orresponds to a diusion proess with a diusion radius:
Rs = Nc.
To introdue short range ultraviolet utuations the heat-bath algorithm of [47℄
was used. The lattie ation used is the usual Wilson ation. The topologial
2
The omplete diagonalization of M an be arried out by standard libraries.
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harge operator we use to identify the harge of smooth gauge eld ongura-
tions is the eld theoreti operator disussed in [46℄. The low-lying eigenstates
and their respetive eigenvalues of the operator (γ5DW ) are alulated with the
onjugate gradient algorithm proposed by Kalkreuther and Simma [44℄, and
with the impliitly restarted Arnoldi algorithm [45℄. For lattie sizes 84, 124
and 123 ∗ 24 we omputed about 10 to 20 eigenstates.
4 Results
In this setion we will present the results obtained by applying the numerial
proedure of projeting onto the supersymmetri modes of the adjoint Dira
operator desribed in the previous setions. We will onsider ertain SU(2)
gauge ongurations on the lattie in an inreasing order of omplexity. First we
investigate the ase of smooth (anti)self-dual ongurations. This will test the
eieny of our method to identify the supersymmetri zero-mode Eq. (8) within
the subspae of low-lying eigenstates. The situation beomes more diult the
larger the value of the topologial harge |Q|, sine the dimensionality of the
zero-mode manifold (4|Q|) inreases.
After, we will also apply the proedure to smooth ongurations whih are not
solutions of the lassial equations of motion, and in partiular the ase of an
instanton anti-instanton pair. Thus, the solution will not be an exat zero-mode
of the Dira operator anymore. Finally, we will onlude by adding quantum
utuations to the gauge eld ongurations. This is done by subjeting them
to a given number of Monte Carlo updating steps.
4.1 Smooth self-dual Congurations
We begin by applying our proedure to obtain the supersymmetri zero-mode
of the adjoint Dira operator for a number of (anti)self-dual ongurations with
inreasing values of the topologial harge |Q| (see Table 1). The smallest
absolute value of topologial harge we onsider is Q = − 12 , whih demands the
use of twisted boundary onditions (〈m, k〉 6= 0) as explained in setion 2.
lattie: L, T S/(8π2) QL Twistm Twistk r #Eigenst.
8,8 0.493 -0.47 1 1 1 1 1 1 0.3 10
12,12 1.02 -0.90 0 0 0 0 0 0 0.3 16
12,12 1.51 -1.41 1 1 1 1 1 1 0.3 16
12,12 1.97 1.86 1 0 1 0 1 0 0.3 20
Table 1: Congurations for whih the reonstrution of the supersymmetri
zero-mode was arried out. The values of QL were obtained with the eld-
theoreti unsmeared topologial harge operator. The seond olumn gives is
the total ation S divided by 8π2.
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1. Q = − 12 , m={111}, k={111}
In the ase of an anti self-dual Q = − 12 eld there are only two zero-
modes whih orrespond to the supersymmetri solution Eq. (8). We
have numerially alulated the ten lowest-lying modes of the operator
(γ5DW )
2
in this bakground. The results are summarized in Table 2.
Notie that the eigenvalues are twie degenerate as follows from the sym-
metry φi = γ5C
−1φ∗i+1 (see setion 2). In the Table we also show the
hirality (〈φ, γ5φ〉) of eah mode.
Eigenvalue 〈φ, γ5φ〉
λ1=2.44 * 10
−3
-0.998
λ3=2.68 * 10
−1
0.108
λ5=2.68 * 10
−1
0.108
λ7=2.68 * 10
−1
0.108
λ9=2.93 * 10
−1
-0.106
Table 2: Lowest eigenvalues of the operator (γ5DW )
2
, and the hirality of the
orresponding modes, for the onguration with Q = − 12 .
There is a lear gap of two orders of magnitude between the rst two
eigenvalues and the higher states. Aordingly, we an identify the modes
pertaining to λ1,2 with the zero-modes. This is also lear from the hirality
of the modes. To onrm that their struture is the one given by Eq.(8),
we ompare the hiral density
〈ΨR,ΨR〉 ∝a→0 Tr[FµνFµν ] + O(a2), (16)
of the lowest lying mode with the ation density. The shapes are displayed
in Figure 1 for a given plane, and show a nie math up to an overall
normalization. The latter might be xed by the value of the topologial
harge alone.
It is important to test the stability of the method with respet to the
number of eigenmodes onsidered, sine ultimately one wants to apply
the method to situations for whih the number of quasi-zero modes is
not determined a priori. For that purpose, we have onsidered the full
spae of ten eigenmodes and applied the minimization ondition (13) to
the matrix M (see Setion 3.2). The vetor that ahieves the minimum is
indeed dominated by the two low-lying modes, with the remaining modes
giving ontributions two orders of magnitude smaller. The density prole
is only slightly hanged.
2. Q = −1, m=k={000}
For an anti self-dual Q = −1 onguration the spae of zero-modes is
13
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Figure 1: Ation density F 2 (left) and hiral density 〈ΨR,ΨR〉 (right) along a
t-z plane, for the onguration with Q = − 12 .
four dimensional. To nd the zero-mode of Eq. (8) we have alulated
the sixteen lowest-lying eigenstates of (γ5DW )
2
in this bakground. The
results are shown in Table 3. We nd four small eigenvalues whih are
separated by one order of magnitude from the higher ones. The orre-
sponding eigenvetors have denite hirality, and we identify these modes
as the zero-modes predited in the ontinuum by the Atiyah-Singer index
theorem. In priniple the solution (8) that we are looking for is a linear
Eigenvalue 〈φ, γ5φ〉 Eigenvalue 〈φ, γ5φ〉
λ1=7.79 * 10
−5
-0.997 λ9=5.11 * 10
−2
0.057
λ3=7.40 * 10
−3
-0.976 λ11=5.34 * 10
−2
-0.057
λ5=1.35 * 10
−2
0.178 * 10−2 λ13=7.49 * 10
−2
0.067
λ7=2.25 * 10
−2
-0.164 * 10−2 λ15=8.41 * 10
−2
-0.075
Table 3: Lowest eigenvalues of the operator (γ5DW )
2
and hiralities of the
respetive eigenstates, for the onguration with Q = −1.
ombination in the spae of these zero-modes. Applying the minimization
within this four dimensional spae, we indeed nd that the minimizing
vetor Ψ− has the expeted struture given by Eq. (8). We exhibit this
by plotting the hiral density (16) in a xed plane and omparing it to the
ation density in the same plane (see Figure 2). Inluding in the minimiza-
tion all eigenstates that we have alulated, the same linear ombination
is seleted (new oeients are suppressed by two orders of magnitude)
as in the spae of zero-modes. Aordingly, also in the ase of Q = −1 we
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obtain stable results.
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Figure 2: Ation (left) and hiral (right) densities for the Q = −1 onguration,
for a given t-z plane.
3. Q = −1.5, m={111}, k={111}
In the ase of the Q = −1.5 onguration we nd 6 low-lying modes
that are divided by a gap of about two orders of magnitude from a band
of higher eigenvalues (see Table 4). Again we nd by minimizing expres-
sion (13) in the spae of these lowest lying modes that the resulting linear
ombination is of the form of Eq. (8) (see Figure 3). Inluding all higher
eigenmodes in the minimization does not hange the linear ombination
appreiably, and hene, also in this ase the minimization is stable.
Eigenvalue 〈φ, γ5φ〉 Eigenvalue 〈φ, γ5φ〉
λ1=9.00 * 10
−4
-0.997 λ9=1.16 * 10
−1
-0.085
λ3=1.38 * 10
−3
-0.995 λ11=1.23 * 10
−1
0.086
λ5=3.25 * 10
−3
-0.990 λ13=1.32 * 10
−1
0.077
λ7=1.05 * 10
−1
0.090 λ15 = 1.36 * 10
−1
-0.082
Table 4: Lowest lying eigenvalues of the operator (γ5DW )2 and hiralities of
the respetive eigenstate, for the onguration with harge Q = − 32 .
4. Q = 2, m={101}, k={010}
The next ase we onsider in order to test our method is Q = 2. We
nd eight low-lying modes (see Table 5) whih are divided by an order of
magnitude from the higher eigenvalues. As above, minimizing Eq. (13) se-
lets the wave funtion Eq. (8) among the eight lowest lying modes whih
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Figure 3: Ation (left) and hiral density (right) for the Q = −1.5 onguration;
both in the t, z plane.
we assoiate to the zero-modes of the ontinuum onguration (see Figure
4). As in all other ases we observe stability of the projetion onto the
supersymmetri mode when the higher modes are inluded.
Eigenvalue 〈φ, γ5φ〉 Eigenvalue 〈φ, γ5φ〉
λ1=6.28 * 10
−4
0.997 λ11=8.87 * 10
−2
0.090
λ3=1.20 * 10
−3
0.995 λ13=1.02 * 10
−2
-0.085
λ5=1.98 * 10
−3
0.991 λ15=1.14 * 10
−2
0.084
λ7=7.27 * 10
−3
0.982 λ17=1.21 * 10
−2
-0.085
λ9=7.50 * 10
−2
-0.094 λ19=1.30 * 10
−2
-0.080
Table 5: Lowest lying eigenvalues of the operator (γ5DW )
2
and hiralities of
the respetive eigenstate, for the onguration with Q = 2.
If a (anti-)self-dual onguration onsists of well separated instantons or
anti-instantons, a new ompliation an arise. In the ontinuum, as the separa-
tion beomes innite, the zero-modes tend to those of isolated instantons, one
of whih will satisfy the reality ondition. This is one of the limiting ases that
we mentioned before for whih there is more than one zero-mode satisfying the
reality ondition. It is lear that the hiral density of all states in this subspae
of real zero-modes reprodues the sum of the ation density of all the instantons
weighted in various ways. As the instantons approah, the reality only remains
true for a single (harge onjugate pair) eigenmode weighting all instantons
equally: the supersymmetri zero-mode. On the lattie, orretions might spoil
the piture for suiently separated instantons. The state whih minimizes
Eq. (13) might have dierent weights for dierent well-separated strutures. A
signal that this is atually happening an be obtained from the hierarhy of low-
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Figure 4: Ation (left) and hiral (right) densities for the Q = 2 onguration;
Both given for y-z plane.
lying eigenvalues ofM . A set of small eigenvalues separated by a large gap from
higher ones is a lear indiation of this situation. The supersymmetri solution
we are looking for is then a linear ombination of the states onstruted from the
eigenstates pertaining to the minimal eigenvalues of M . For suiently smooth
ongurations the orret weights an be onstrained sine the ontribution to
the total ation and topologial harge of eah separated struture must be in
rational fration of the total.
We have looked at several Q = 2 ongurations that ontained well separated
(anti) self-dual lumps. In one ase we found preisely the senario desribed
above, while for other ongurations the numerial method desribed in Setion
3.1 projeted diretly onto the supersymmetri solution of Eq. (8).
So far we have heked that our numerial method of projeting onto the super-
symmetri zero-mode Eq. (8) works well for (anti) self-dual elds. In the next
subsetion we will onsider a more ompliated struture whih no longer is a
solution of the lassial eulidean equations of motion.
4.2 Other Smooth Congurations
Our next step will be to onsider the ase of smooth ongurations whih are
not solutions of the lassial equations of motion. For that purpose we study
a Q = 0 onguration onsisting of an instanton and an anti-instanton, eah
arrying harge |Q| = 1. Note that in this ase we do not have exat zero modes
in the ontinuum. However, we expet that if the instantons are suiently
separated, so that their overlap is small, the zero-modes pertaining to eah in-
stanton will give rise to near-zero modes in the spetrum of (γ5DW )
2
. In our
Q = 0 instanton anti-instanton pair ase, we should nd eight near-zero modes
stemming from the four zero-modes of an isolated instanton. Furthermore, we
expet to be able to identify within the spae of near-zero modes one state in
eah hirality setor arising from the supersymmetri zero-modes Eq. (8) of the
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instanton and anti-instanton separately.
Q = +1− 1 = 0, m=k={000}
To produe a smooth Q = 0 lattie onguration onsisting of an instanton
anti-instanton pair, we glued along the time diretion the previously mentioned
Q = −1 onguration to a time reeted opy of itself. The resulting ongura-
tion has an inreased ation density along the plane of gluing. We then applied
several ooling steps to diminish the ation. The resulting onguration (see
Figure 5) has an ation density whih looks indeed like a superposition of an
instanton and an anti-instanton. For this onguration we omputed the twenty
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Figure 5: Ation density (left) and harge density (right) of the glued Q=0
onguration.
lowest-lying eigenmodes of the operator (γ5DW )
2
at r = 0.3 (see Table 6). We
Eigenvalue 〈φ, γ5φ〉 Eigenvalue 〈φ, γ5φ〉
λ1=2.50 * 10
−3
-0.725 λ11=1.32 * 10
−2
0.119
λ3=3.42 * 10
−3
0.337 λ13=3.61 * 10
−2
-6.54 * 10−2
λ5=4.94 * 10
−3
-0.439 λ15=3.66 * 10
−2
6.70 * 10−2
λ7=6.44 * 10
−3
0.804 λ17=5.20 * 10
−2
-4.67 * 10−2
λ9=1.195 * 10
−2
-0.117 λ19=5.26 * 10
−2
5.00 * 10−2
Table 6: Lowest lying eigenvalues of the operator (γ5DW )
2
and hiralities of
the respetive eigenstates, for the instanton-antiinstanton onguration.
see that in our ase no lear gap in the eigenvalue spetrum an be identied.
The zero-modes of the original Q = −1 onguration (see Table 3) have been
lifted to near-zero modes. Given the large separation of the instanton and anti-
instanton, we expet that the near-zero modes assoiated to the supersymmetri
states lie within the eight lowest-lying modes. Hene, we omputed the observ-
ables S± by minimizing expression (13) within this spae. These quantities are
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shown in Figure (6). We see that they reprodue niely the shape of the self-dual
and the anti self-dual parts of the ation density respetively. We realulated
S± within the full spae of twenty low-lying eigenmodes. One more, our results
were found to be stable.
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Figure 6: Chiral density (Ψ−R)
†Ψ−R (right) and (Ψ
+
L)
†Ψ+L (left), for our
instanton-anti-instanton onguration.
4.3 Heated Congurations
We now want to go one step further and investigate the eieny of our method
in the presene of quantum utuations. As explained in the introdution this
amounts to the onsideration of rough ongurations. Optimally we would like
to add quantum utuations without distorting the long-wavelength topologial
struture of the onguration, so that we an ompare our observable elds S±
with the mentioned struture. To ahieve this goal we use the following method.
We begin with a lassial anti self-dual onguration for deniteness. Then we
apply a given number of heat-bath steps with a ertain value of β. The loal na-
ture of the heat-bath algorithm [47℄ guarantees that the high-momentum modes
will thermalize faster than the low momentum modes. Based on results obtained
in other ontexts [14℄ we onlude that a total of ten to twenty heating steps
should be enough for this purpose. The value of β determines the typial size
of the quantum utuations ( ∼ 1/√β), as well as the eet of non-linearities.
Thus, we started by onsidering a very high value of β, namely β = 22. This
introdues gaussian perturbations (up to gauge equivalene). As initial ong-
uration, we hose the seond one in Table 1. We applied a total of twenty heat-
ing steps to it. After eah heating step, we alulated the sixteen lowest-lying
eigenstates of (γ5DW )
2
at r = 0.3. From them, we alulated the observable S−
aording to the proedure outlined in Setion 3.2. The results obtained onrm
the good behavior of S− with respet to quantum utuations. At eah heat-
ing step β, S− resembled losely the shape of the starting onguration. This
ontrasts with the evaluation of the ation density itself (or its anti-self-dual
part) whih is dominated by noise, masking ompletely the initial topologial
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struture. Indeed, the ation density after heating is two orders of magnitude
higher than the ation density of the original eld.
Then we onsidered two smaller values of β, β = 5 and β = 2.57. The latter
lies in the relevant saling region of Monte-Carlo simulations. As we lower β
the utuations have a larger size and we depart from the gaussian situation,
in whih analytial ontrol is still possible. Furthermore, the probability of
generating typial lattie artifat eets, like the disloations [48,49℄, inreases.
These strutures an ontribute sizably to the topologial harge for some lat-
tie denitions of the quantity. This eet on the topology an also show up
in the Dira spetrum. It has been shown in SU(2) gauge theory that, with
the plaquette ation, disloations appear quite frequently, but that they dis-
appear after only a few ooling steps [49, 50℄. For this reason we introdue a
small number of ooling steps (3) on the heated onguration and proeed with
our method on this slightly ooled onguration. The use of a xed and small
number of ooling steps might be aeptable if we an show that the results are
insensitive to the details of their implementation.
For that purpose we have also used APE-smearing [13℄ (see Setion 3.3) instead
of ooling to smoothen the heated ongurations. We have hosen N = 8 and
c = 0.45 as smearing parameters, so that the eetive smearing radius and the
number of ooling steps are of the same magnitude. As we will show below both
methods do not only give onsistent results, but lead to values of S± that are
strikingly similar.
4.3.1 Updating at β = 5.00
Again we started with the Q = −1 onguration appearing as example two
in Subsetion 4.1, with ation density displayed in Figure 2. At β = 5.00
we subjeted the onguration to twenty heating steps. Every fth step we
produed a (three times) ooled or a (N = 8 c = 0.45) smeared onguration.
The orresponding values of of the topologial harge and the ation an be
found in Table 7. As we an see no extra harge seems to have been reated
during heating.
heating S/(8π2) QL Scool QL,cool Ssmear QL,smear
0 1.02 -0.90    
5 991.8 -0.56 6.5 -0.87 5.0 -0.87
10 993.9 -0.41 6.6 -0.86 5.2 -0.84
15 990.3 -1.02 6.6 -0.86 5.1 -0.86
20 993.9 -0.60 6.5 -0.86 5.0 -0.86
Table 7: Values of the ation S (divided by 8π2) and topologial harge (eld
theoreti) of the heated (at β = 5.00), ooled (3 times) or smeared ongurations
on a 124 lattie.
For eah of the ited ongurations the sixteen lowest lying eigenmodes of the
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Figure 7: Ation density of the heated onguration after 5 heating steps (left)
with β = 5.00, and after applying 3 ooling steps to the previous one(middle).
The right gure is the hiral density Ψ†RΨR obtained from the near zero-modes
of the ooled onguration.
operator (γ5DW )
2
have been alulated at r = 0.3. We then determined S±
by applying the minimization of expression (13) in this sixteen dimensional
subspae of eigenmodes. The results for 5 and 20 heating steps an be found in
Figure (7, 8).
We observe that in all ases the shape of S− resembles fairly well the ation
density of the original onguration. After twenty heating steps the qualitative
agreement is still quite good. Similar results are obtained for the smeared on-
gurations. Hene, we onlude that our results are independent of the method
used  smearing or ooling  to remove the lattie artefats.
It is interesting to point out that the heating proess does not seem to have
hanged the long wavelength struture of the initial onguration. This is due
to the large value of β and the small number of heating steps. In the next
subsetion we will see that the situation hanges for smaller values of β.
4.3.2 Updating at β = 2.57
Let us now turn to the β = 2.57 ase, whih is the most interesting ase in
understanding the behavior of our observables previous to their use for Monte
Carlo generated ongurations. Our proedure is idential to the previous ase.
Results for the topologial harge and the ation an be found in Table 8.
At this value of β we expet that, after a suient number of heating steps
are applied, the onguration will have modied the long-wavelength struture
of the initial onguration. It is then unlear what the shape of S± has to
be. Notie, however, that the value of QL after ooling indiates that no extra
overall harge has been reated during the updating. This does not exlude that
a number of instanton-anti-instanton pairs have been reated in this proess.
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Figure 8: The same quantities as in the previous gure but after 20 heating
steps at β = 5.00.
heating S/(8π2) QL Scool QL,cool Ssmear QL,smear
0 1.02 -0.90    
5 2074.7 -0.96 16.6 -0.88 14.56 -0.88
10 2119.7 0.47 21.8 -0.84 21.48 -0.84
15 2110.7 1.38 23.5 -0.89 23.46 -0.86
20 2110.2 -0.84 22.7 -0.91 22.85 -1.00
Table 8: Ation and topologial harge (eld theoreti) of the heated (at β =
2.57), ooled and smeared ongurations on a 124 lattie.
As in the previous ase, we ompute the elds S± in terms of the low-lying
eigenmodes of the operator (γ5DW )
2
after 5 and 20 heating steps. Results are
shown in Figs. (9 - 10).
We observe, that after 5 heating steps one an still reognize in S− the
struture of the original anti-instanton. After 20 heating steps, however, we
an see a riher struture emerging. The main peak of the original instanton is
still present, but two additional lumps in this plane seem to have been reated
during the heating proess. Sine there seems to be no net reation of topolog-
ial harge, we expet to nd two strutures in S+ orresponding to positively
harged lumps. The result is shown Fig. 11, and we an learly identify two
isolated strutures, whih we assoiate to two instantons that have been reated
during the heating proess.
Let us ompare the hiral densities obtained from the ooled ongurations
to the ones that result by arrying out the same proedure on the smeared on-
gurations. The orresponding hiral densities for the heated and suessively
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Figure 9: The same as Fig. 7 but after 5 heating steps at β = 2.57
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Figure 10: The same as Fig. 8 for β = 2.57
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Figure 11: Chiral density Ψ†LΨL of minimized linear ombination obtained from
the ooled onguration at β = 2.57.
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Figure 12: Chiral density Ψ†RΨR (left) of minimized linear ombination obtained
from the smeared ongurations after 5 heating steps (left) and after 20 heating
steps (right).
smeared ongurations an be found in Figure 12. These gures when ompared
to the hiral densities obtained from the ooled ongurations are strikingly sim-
ilar. Aordingly we onlude that smearing as well as ooling disposes of the
lattie artefats in the same manner and that the same underlying struture is
revealed by our proedure.
5 Conlusions
In this work we have proposed a new tool to investigate the vauum struture
of gauge eld theory. It is in the spirit of using fermioni modes as probes of
gauge eld struture. However, we make use of fermions in the adjoint represen-
tation. For gauge elds whih are exat solutions of the eulidean equations of
motion, Supersymmetry gives rise to a diret onnetion between the struture
of some zero-modes and the gauge eld strength. In the presene of quantum
utuations one an use this idea to onstrut observables S± whih reet the
underlying self-dual and anti-self dual omponents and are better behaved in
the ultraviolet.
In this paper our main goal has been to present the ideas and to test its
ability to reonstrut the underlying gauge eld struture in an inreasingly
omplex but ontrolled situation. Thus, we have rst analyzed the ase of
smooth self-dual gauge elds and shown that indeed our method is apable of
extrating the supersymmetri zero-modes that math the shape of the ation
density. Next we have studied the ase of smooth, non-self-dual ongurations.
Finally we have analyzed ongurations having ontrolled quantum utuations.
This was ahieved by applying a number of heat-bath sweeps to an initially
self-dual onguration. We used the number of heating steps and the value
of β to monitor the size of quantum utuations and their loal nature. For
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small enough number of heating steps or large enough β, the hiral density
of the linear ombination of low-lying eigenmodes that best approximates the
supersymmetri mode, reprodues the ation density of the underlying anti-
instanton on whih heating was performed. This ontrasts with the value of the
ation density itself, whih has little resemblane to the initial struture.
For β = 2.57 we have found that after 20 heating steps, next to the original
anti-instanton, additional strutures have developed during the heating proess.
We interpret them as instanton anti-instanton pairs that have been reated dur-
ing updating. Although we had to apply three ooling steps to the onguration
before analyzing the zero-modes, we argue that this operation has not distorted
the underlying struture that we are looking for. In support of this laim we
showed that the shape obtained is remarkably similar to the one gotten from
the Ape-smeared onguration instead.
The analysis presented in this paper serves as a test of the usefulness of our
onstrution in being able to unravel, for a given gauge eld onguration, the
underlying topologial struture masked by short wavelength utuations. The
next step should be that of addressing Monte Carlo generated ongurations
diretly. For that purpose it is presumably essential to use a lattie Dira oper-
ator, suh as Neuberger operator, whih preserves an exat notion of hirality.
We hope our work provides a new tool that an be used, by itself or in
onjuntion with other methods, to study the topologial strutures present in
the QCD vauum in the spirit of the works mentioned in the introdution [24
29,3134,37, 5153℄.
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6 Appendix
In this Appendix we list the onventions and denitions that were used through-
out this work.
Generalities
The number of olors has been denoted by N . For the spei numerial
alulations we work in the adjoint representation of SU(2), hene N = 2.
Color in the adjoint representation is labeled by Latin lower indies of the form
a, b, c... = 1, ..., N2 − 1.
Greek lower ase letters from the beginning of the alphabet suh as α, β, ... =
1, ..., 4 label the spinorial indies. Greek lower ase letters from the middle of the
alphabet suh as µ, ν, ρ, σ, ... = 0, ..., 3 denote Lorentz spae-time omponents
(in Eulidean spae-time).
SU(N) group
The generators of the Lie-algebra su(N) of the gauge group SU(N) in the
fundamental representation are denoted by T a with a ∈ {1, ..., N2− 1} and are
given by N ×N matries. Their ommutation relations read
[T a, T b] = ifabcT c. (17)
where fabc are the struture onstants of the group. These generators are nor-
malized aording to
Tr[T aT b] =
1
2
δab.
For a given group element g ∈ SU(N), U(g) will denote its orresponding matrix
in the fundamental representation and V (g) in the adjoint representation. The
matrix elements of the latter an be expressed in terms of U(g) as follows
V (g)ab =
1
2
Tr[U †(g)T aU(g)T b]. (18)
Pauli and Eulidean Dira matries
The symbol τa denotes the Pauli matries:
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 −i
i 0
)
, τ3 =
(
1 0
0 −1
)
. (19)
We also dene the quaternioni basis σµ = (11,−i~τ), σµ = σ†µ = (11, i~τ).
The hermitian Dira matries γµ in the Weyl representation in Eulidean spae-
time are given in terms of the previous matries by
γµ =
(
0 σµ
σµ 0
)
. (20)
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We also dene the following matries
γ5 = γ1γ2γ3γ0 =
(
11 0
0 −11
)
, C = γ0γ2 =
(
iτ2 0
0 −iτ2
)
, (21)
The harge onjugation matrix C fullls the following relations
C−1 = −C = CT , γTµ = −C−1γµC, γ5 = C−1γ5C. (22)
The eigenstates of γ5 with eigenvalue 1 are alled positive hirality of left-handed
spinors. Conversely, negative hirality or right-handed spinors apply for the
eigenstates of eigenvalue −1. Any spinor an be deomposed into a sum of a
right-handed and a left-handed spinor ψ = ψR + ψL, where the latter an be
obtained from ψ using the projetion operators P± = (11± γ5)/2.
For the antisymmetri tensor ǫµνρσ we take the sign onvention ǫ0123 = 1.
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